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GROUPOID COHOMOLOGY AND EXTENSIONS

JEAN-LOUIS TU

ABSTRACT. We show that Haefliger’s cohomology for étale groupoids, Moore’s
cohomology for locally compact groups and the Brauer group of a locally com-
pact groupoid are all particular cases of sheaf (or Cech) cohomology for topo-
logical simplicial spaces.

1. INTRODUCTION

Let G be a locally compact Hausdorfl groupoid with Haar system. In [11],
the authors studied the group of Morita equivalence classes of actions of G on
continuous fields of C*-algebras over the unit space Gy such that

e Each fiber is isomorphic to the algebra of compact operators on some
Hilbert space (depending on the fiber).

e The bundle satisfies Fell’s condition, i.e. each point of G has a neighbor-
hood U such that there exists a section f(z) with f(x) a rank-one projection
forall z € U.

They called this group the Brauer group Br(G) of G, and showed that it is nat-
urally isomorphic to the group Ext(G,T) of Morita equivalence classes of central
extensions
TxGy— E— G,

where G’ is some Morita equivalent groupoid. In the case of discrete groups, it is well
known that central extensions of G by T are classified by H?(G,T). Actually, given
any locally compact group G and any Polish (i.e. metrizable separable complete) G-
module A, Moore’s cohomology groups H?(G, A) classify extensions A — E — G
such that the action of G on A by conjugation is exactly the action of G on the
G-module A [I8, [19]. One of the possible definitions of Moore’s cohomology is the
following: consider C™(G, A) the space of all measurable maps c¢: G™ — A with the
differential

(1.1) (de)(g1s- -y 9n) = g1¢(g2, -, gn)
n
+ Z(_l)kc(gla s 9k Gk, - - - 7gn) + (_1)”“1‘16(91’ e 7gn)
k=1

Then by definition, H™(G, A) is the n-th cohomology group of the complex
C*(G,A). On the other hand, Haefliger ([6], see also [10]) defined sheaf coho-
mology groups H*(G, . A) given any étale groupoid G and any Abelian G-sheaf A
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(i.e. an Abelian sheaf on Gy endowed with a continuous action of G). It was thus
natural to expect that a single cohomology theory for groupoids should unify all
these: this is the question asked by A. Kumjian in Boulder (1999).

Our approach is to consider the simplicial (topological) space G, = (G, )nen
associated to the groupoid G and to use sheaf cohomology for simplicial spaces [4]
and Cech cohomology (see SectionM)). Given a simplicial space M, and an Abelian
sheaf A* on M,, let us denote by H"(M,;A*) and H(M,; A*) the sheaf and Cech
cohomology groups, respectively. We show:

Theorem 1.1. (a) H"(M,; A*) = H(M,; A*) if M, is a simplicial space such
that M, is paracompact for all n;

(b) H™(G,;A*) coincides with Haefliger’s cohomology H™(G; A%) if G is an
étale groupoid and A* is the sheaf on G, corresponding to an Abelian G-
sheaf A°;

(c) H"(G.; A*) = H(G,; A*) = HYo.o(G, A) if G is a locally compact group,
A is a Polish G-module and A* is the sheaf on G, associated to A;

(d) H*(G.;T) = H(G,;T) is the Brauer group of G if G is a locally compact
Hausdorff groupoid with Haar system, where T denotes the sheaf associated
to the G-module Gy x T;

(e) H"(G., A*) and H*(G,, A*) are invariant under Morita equivalence of
topological groupoids.

Let us comment on the above theorem in relation to the existing literature.

The construction of Cech cohomology for simplicial spaces as well as part (a) is
new. Let us note however that there is another kind of Cech cohomology defined
for any topos [I, Exposé V]. It would be interesting to compare it with ours when
the topos consists of the category of sheaves on a simplicial space.

Part (b) is already known [I5] first part of Theorem 3.1]. We give a different
proof in this paper.

Part (c) is easy, and follows from general nonsense analogue to Buchsbaum’s
criterion (Proposition [61)). Note also that D. Wigner [25] defined a cohomology
theory for topological groups which generalizes Moore’s, and which is isomorphic
under certain assumptions to sheaf cohomology of the associated simplicial space
[25, Theorem 2].

For part (d), it was established by Kumjian [10] that the Brauer group of an
étale groupoid coincides with the sheaf cohomology group H?(G;7T). However, the
authors of [I1] were apparently unable to generalize that result to locally compact
groupoids [II], p. 909].

Actually we prove more than statement (d): Proposition [0.6]identifies the group
of extensions of G by an (Abelian) G-module with a 2-cohomology group. In the
case of étale groupoids, Moerdijk [I7] studies extensions which are even non-Abelian
by introducing another kind of Cech cohomology. I do not know if his cohomology
coincides with the one defined here.

Part (e) is almost clear from the definitions, and is proved in section [§

In summary, several parts of this paper are known in special cases, or overlap
with known results. However, we hope that the present approach, being rather
direct and elementary, will still be of interest to the reader.
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2. SIMPLICIAL SPACES AND GROUPOIDS

1. Definition of simplicial spaces. Let us recall some basic facts about simpli-
cial spaces. Let A (resp. A’) be the simplicial (resp. pre-simplicial) category, whose
objects are the nonnegative integers, and whose morphisms are the nondecreasing
(resp. increasing) maps [m] — [n] (where [n] denotes the interval {0,...,n}). We
denote by A®Y) the N-truncated simplicial category, i.e. the full sub-category of A
whose objects are the integers < N.

A simplicial (resp. pre-simplicial, N-simplicial) topological space is a contravari-
ant functor from the category A (resp. A/, resp. AM)) to the category of topo-
logical spaces. In the same way, one can define the notion of a simplicial (resp.
pre-simplicial, N-simplicial) manifold. In this paper we shall work with simplicial
topological spaces and will use the terminology “simplicial space”, but some of the
results can easily be transposed to simplicial manifolds.

In practice, a (pre-)simplicial space is a sequence M, = (M, )nen of topological
spaces, given with continuous maps f : M,, — M, for every morphism f: [k] — [n],
satisfying the relation ]73/9 = go f for all composable morphisms f and g.

Let €: [n — 1] — [n] be the unique increasing map that avoids 4, and let n* :
[n+1] — [n] be the unique nondecreasing surjective map such that i is reached twice
(0 <i < n). We will usually omit the superscripts for convenience of notation.

If M, = (My,)nen is a simplicial space, then the face maps & : M,, — M, _1,
i =0,...,n, and the degeneracy maps 7 : M — Mp41, @ =0,...,n, satisfy the

followmg snnph(:lal identities: &7~ 15 = &7 “lerifi < g, 77"+177J = ngfllnz ifi <j,

I”(’i“rln] = qrolErifi < g, "Hnj *n;l ter ifi > j+1and &y = &l =
M,

Conversely, if we are given a sequence M, of topological spaces and maps sat-
isfying such identities, then there is a unique simplicial structure on M, such that
€} are the face maps and 7}* are the degeneracy maps.

2.2. Groupoids. In order to fix notations, we first recall some basic facts about
groupoids. For more details, see e.g. [22].

A topological groupoid is given by two topological spaces Gy and G, two maps
r and s from G to Gy, called the range and source maps, a unit map n: Gog — G,
a partially defined multiplication G5 = {(g,h) € G?| s(g) = t(h)} — G denoted
by (g,h) — gh, and an inversion map G — G denoted by g — ¢g~! such that the
following identities hold (for g, h,k € G and = € Gy):

r(gh) =1(g), s(gh) = s(h);

(gh)k = g(hk) whenever s(g) = r(h) and s(h) = r(k);

s(n(x)) =r(n(x)) = z;

gn(s(g9)) = n(r(9))g = g;

r(g™") =s(9), s(g7") =7(9), 997 =n(r(9)), 979 = n(s(g)).

We will usually identify the unit space Gy to a subspace of G by means of the
unit map 7.
Standard examples are:

e groups, with Gy = pt;
e spaces M, with G =Gy = M, r = s = 1d;
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e the homotopy groupoid of a space M, where Gy = M, G is the set of
homotopy classes of paths in M, s(g) is the starting point of the path and
r(g) is the endpoint.

Here are a few notations that we will use: G, = s~ !(z), G* = r~ (), GY =
G, NGY.
A left action of a topological groupoid G on a space Z is given by a (continuous)
map p: Z — Go and a map G X, Z — Z, denoted by (g, z) — gz, such that
* p(g2) = r(g);
e (gh)z = g(hz) whenever (g,h) € G3 and s(h) = p(z);
e czx=zifeec Gy CG.
We will say that Z is a (left) G-space. Given a G-space Z, we form the crossed-
product groupoid G x Z := G X, , Z with unit space Z, source and range maps
s(g,2) = z, r(g9,2) = gz, product (g,2)(h,2") = (gh,z’) if z = hz/, and inverse

(9,2)7 = (97", 92).
Any topological groupoid G canonically gives rise to a simplicial space as follows
[23]: let

Gn = {(91,---,9n)| 8(g:) = t(git1) Vi}

be the set composable n-tuples.
Define the face maps €} : G;, — G—1 for n > 1 by

(917927"'7971) = (g27~'~7gn)7
5?1(91,92,- .. 7gn) = (gla .. 'agn—l)a
é:;l(g17"'7g7l):(gl""’gigi+17"'7g7l)7 1S2§n_17

%

and for n = 1 by, &}(g9) = s(g), €1(g) = 7(g). Also define the degeneracy maps:
7§ : Go — G is the unit map of the groupoid, and 7 : G,, — Gpy1 by

ﬁg(glvmgn) = (r(gl)vgla' .- 7971))
ﬁ?(glvvgn) = (gla"'7gi78(gi)7gi+17"'7gn)7 1 S 1 S n.

Another way to view the simplicial structure of G, is the following: we note that
G, can be identified with the quotient of

(BEG)n = {(70,---,m) € G| r(y0) = -+ =r(7)}

by the left action of GG, the correspondence being

(15, 90) = (%0 "0V 1Y),
Yo,y ] = [r(91), 91,9192, -, 91 Gn)-

Then, for any morphism f: [k] — [n], f: G, — Gy is defined by

f[’707 oo 77’/1] = [A/f(())a .. 7’Vf(n)}

For instance, in the first picture, if f is injective, then

(2.1)  F(g1s---29n) = (G50)11 " GF1)s GF) 41" GF2)s- - Gf(h—1)+1 "~ Gf(K))-
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2.3. Morita equivalence and generalized morphisms. We recall (see for in-
stance [7, [8, [13] 20, 12, 24]) that a generalized morphism between two (topological,
or locally compact, or Lie) groupoids G’ and G is given by a topological space (or
a locally compact space, or a manifold) Z, two maps Gj, £ 7 2 Gy such that Z
admits a left action of G’ with respect to p, a right action of G with respect to o,
with the property that the two actions commute and p: Z — G, is a locally trivial
G-principal bundle.

Topological (or locally compact...) groupoids and isomorphism classes of gen-
eralized morphisms form a category whose isomorphisms are Morita equivalences.
Every groupoid morphism naturally defines a generalized morphism.

If U = (U;)ics is an open cover of Gy, define the cover groupoid

(2.2) GlU] ={(i,g,5) € I x G x I|r(g) € U, s(g) € Uj}
with unit space {(i, ) € IxGo| x € U}, source and range maps s(4, g, j) = (4, s(g)),
r(i,g,7) = (i,7(g)) and product (i,g,5)(4, h, k) = (i, gh, k).

Then the canonical morphism G[U] — G is a Morita equivalence. Moreover,
every generalized morphism G/ — G admits a decomposition G’ < G’[U/’] LG for
some open cover U’ of G and some groupoid morphism f.

Remark 2.1. The simplicial space G[U], is isomorphic to the sub-simplicial space
of (I x G},)nen such that GU],, consists of (2n+1)-tuples (ig, ..., in, g1, - -, Gn)
satisfying the condition

(2.3) r(g1) € Uiy, s(g1) €Uiyy...,8(gn) € Ui, .

Actually, in this paper we will not use the explicit definition of generalized mor-
phisms, but will rather use the characterization of the category of generalized mor-
phisms as the category of fractions obtained by inverting the morphisms G[U] — G
above [21I]. More precisely,

Proposition 2.2. For any functor F' from the category of topological groupoids to
any category, the following are equivalent:
(i) F is invariant under Morita-equivalence.
(ii) F factors through the category whose objects are groupoids and whose mor-
phisms are generalized morphisms.
(iii) For any groupoid G and any open coverU of Gy, the canonical map GlU] —
G induces an isomorphism F(G[U]) = F(G).

(I have not been able to locate where this well-known result appears for the first
time in the literature. For a proof, see for instance [21I] or perhaps [24, Proposi-
tion 2.5].)

3. SHEAVES ON SIMPLICIAL SPACES

3.1. Basic definitions. Recall [4] that if u: X — Y is continuous, A is a sheaf on
X and B is a sheaf on Y, then a u-morphism from B to A is by definition an element
of hom(B, u.A) = hom(u*B, A). A sheaf on a simplicial (resp. pre-simplicial) space
M, is a sequence A* = (A"),en such that A™ is a sheaf on M,,, and such that for
each morphism f: [k] — [n] in the category A (resp. A’) we are given f-morphisms

(3.1) [ AR A
such that f*§* = ]a/g]* if g: [(] — [k].
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In practice, given open sets U C M,, and V' C M, such that f(U) C V, we have a
restriction map f*: A*(V) — A™(U) such that f* o §* = ]a/g;*: ALW) — AM(U)
whenever g(V) C W.

A fundamental example is given by G-sheaves. In the definition below, recall
that a map f: X — Y is said to be étale if it is a local homeomorphism, i.e. every
point € X has an open neighborhood U such that f(U) is open and f induces
a homeomorphism from U onto f(U). We will also say that X is an étale space
over Y. A groupoid is étale if the range (equivalently the source) map is étale. A
morphism 7, : F, — M, is étale if each mw,,: E, — M, is étale. Finally, recall that a
sheaf over a space X can be considered as a (not necessarily Hausdorff) étale space
over X.

Definition 3.1 ([6]). Let G be a topological groupoid. Then a G-sheaf is an étale
space Fy over G, endowed with a continuous action of G.

Of course, an Abelian G-sheaf is a GG-sheaf Ey such that Fy is an Abelian sheaf
on Gy and such that for each g € G, the action agy: (Eo)sg) — (£0)r(g) is a group
morphism.

Example 3.2. If G is a group, then a G-sheaf is just a space endowed with an
action of G.

As noted by Moerdijk [I5] remark following Theorem 3.1], any G-sheaf deter-
mines a sheaf over G,. Let us explain this in detail; we need a few preliminaries.

Definition 3.3. Let n,: E, — M, be a morphism of simplicial spaces. We say
that m, is reduced if for all k,n and all f € homa(k,n), the map f induces an
isomorphism FE, = M, X F e FEj. In this case, we will say that E, is a reduced
simplicial space over M,.

Definition 3.4. Let A* be a sheaf over the simplicial space M,. We will say that A®
is reduced if for all k,n and all f € homa (k,n), the morphism f* € hom(f*A* A7)
is an isomorphism.

Lemma 3.5. There is a one-to-one correspondence between reduced sheaves over
M, and reduced étale simplicial spaces over M,.

Proof. The proof is easy. Let us just explain the construction of the sheaf A4°* out
of the reduced simplicial space E, over M,.

Let A™(U) be the space of continuous sections over U of the projection map
Tt En — M,. If f:[k] — [n] is a morphism in A and f(U) C V, then for
any section o € A*(V) we define f*o € A™(U) by (f*o)(z) = (z,0(f(x))) €
My xj . Ep = Ep. O
Lemma 3.6. Any reduced simplicial space over M,, étale or not, determines a
sheaf over M,.

Proof. The proof is the same. Note that it is not clear whether all sheaves can be
constructed this way. O

Corollary 3.7. Let G be a topological groupoid. Then any G-space determines a
sheaf on G,. If the G-space is étale, then it determines a reduced sheaf on G,.
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Proof. Suppose Z is a G-space and let 7, be the first projection (G X Z), =
Gn X4,p Z — Gy, where pp(g1,...,9n) = S(gn). Then m, is clearly a simplicial
map (G x Z), — G,. O

Corollary 3.8. FEvery G-sheaf canonically defines a reduced sheaf over the simpli-
ctal space G, .

Another example is given by G-modules.

Definition 3.9. Let G be a topological groupoid. A G-module is a topological
groupoid A, with source and range maps equal to a map p: A — G, such that

e A% is an Abelian group for all x.

e As a space, A is endowed with a G-action G x,, A — A.

e For each g € G, the map «,: Ayy) — Ay () given by the action is a group
morphism.

By Corollary B.7 any G-module defines a sheaf A*® which is clearly Abelian.
More explicitly, the simplicial structure on (G x A), is defined as follows: for all
f € homA(kan)a

(3‘2) f([A/07 e 7'771]7 a) = ([%‘(0)7 e 7'7f(k)]7 ’Y;&g)’)’na)‘

Then A" is the sheaf of germs of continuous sections of (G x A), — G,, i.e.
sections are continuous maps ¢(g1,...,gn) € As(gn). However, to recover the usual
formulas like (ITI), it is better to work with the maps

c(g1s--59n) = g1 gnP(91,- -5 9n) € Ar(gy),

and this is what we shall usually do.

Note that for all § = (g1,...,9n) € Gy, the stalk Az maps to A, (5. This map
is surjective iff p: A — G has enough cross-sections; for injectivity, it is enough
that p be an étale map.

If A= Gy x B has constant fibers (B being a topological Abelian group with no
action of G), then the corresponding sheaf is called the constant sheaf and is again
(abusively) denoted by B.

When G is a group, a G-module is just a topological Abelian group A endowed
with a continuous action G — Aut(A), and the sheaf A" is just the constant sheaf
Aon G,.

3.2. G-sheaves and sheaves over simplicial spaces. Recall (Corollary[B:g)) that
any G-sheaf defines a sheaf over G,. The converse does not hold: for instance, let
G be a nondiscrete Lie group and A" the sheaf of germs of C*° functions on G™.
Then A* is a sheaf on G, but not a G-sheaf.

However, we have the following remark (this was noted in [I5], remark following
Theorem 3.1], at least in the case of étale groupoids).

Remark 3.10. Let G be a topological groupoid. There is a one-to-one correspon-
dence between:
(i) G-sheaves;
(ii) reduced sheaves over G,;
(iii) reduced étale spaces over G,.

We omit the easy proof, since this will not be used in the sequel.
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4. CECH COHOMOLOGY
4.1. Covers of simplicial spaces.

Definition 4.1. An open cover of a pre-simplicial space M, is a sequence U, =
(Un)nen such that U, = (U);er, is an open cover of the space M,,.

The cover is said to be pre-simplicial if I, = (I,)nen is a pre-simplicial set such
that for all f € homa/(k,n) and for all ¢ € I,, one has f(Ul-”)QU}f(Z_). In the same
way, one defines the notions of simplicial cover and of N-simplicial cover.

The reason why we need to introduce this terminology is that, even when M, is
a simplicial space, there may not exist sufficiently fine simplicial covers. However,
given a cover U,, we can form the pre-simplicial cover ol{, defined as follows.

Let P, = Up_o PF, where P¥ = homa/(k,n). Note that P, can be identified
with the set of nonempty subsets of [n].

Let A,, (or A, (I) if there is a risk of confusion) be the set of maps

(4.1) AP — UIk such that A\(P¥) C I.
k

For all A € A,,, we let
U= ) 77Uy
k<n fePk
It is clear that (Ux)xea, is an open cover of M,,.

The pre-simplicial structure on A, is defined in an obvious way: for all g €
homa:(n,n'), g: A,y — A, is the map
(GN)(f)=N(go f).
It is easily checked that g(Uf,/) C Uy V) thus the cover ol, is indeed pre-simplicial.

g
In the same way, for all integers n < N, let

(4.2) (onU)n = (UY)xean
where A% is the set of all maps A: U homa (k,n) — U I, which satisfy
k<n k<n

A(homa (k,n)) C I

and

=N N ok

k<n fechoma (k,n)

The N-simplicial structure on AY is defined as follows: for all integers n,n’ < N
and all g € homa (n,n’), §: AN, — AL is the map (g\)(f) = N (go f).
Then onU, = (onUn)n<n is a N-simplicial cover of the N-skeleton of M,.

Convention 4.2. We will also (abusively) denote by onU, the open cover which
coincides with oy, for n < N and with Y, for n > N + 1.

Example 4.3. Let M, = (M),en be the constant simplicial space associated to

a topological space M, and suppose Uy = (U?);e1, is an open cover of M. Define

I, = I(’)”l. Then I, = (I,)nen is endowed with a simplicial structure by

flios - sin) = (Gg@)s - if(r))
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for all f € homa(k,n). Let UG = upn---nuy

i, and let U, = (Ul )ier, -
Then U, is a simplicial cover of M,.

?

The “set” of covers of a simplicial space M, is endowed with a partial pre-order.
Suppose U, and V, are open covers of M,, with U, = (U}")ier, and Vy, = (V") e,

K3

We say that V is finer than U if for all n there exists 6,: J, — I, such that
0. (V") C UG"(j) for all j. The map 6, = (0,)nen is required to be pre-simplicial
(resp. N-simplicial) if ¢« and V are pre-simplicial (resp. N-simplicial).

4.2. Cech cohomology. Let U, be a pre-simplicial open cover of M, and let A®
be a pre-simplicial Abelian sheaf. Define a complex

Cr U Ay = [T A WD),
iel,
iLe. Cy(U,;.A*) is the space of global sections of the pull-back of A™ on [[,c; U
Define the differential d: C™(U,; A*) — C™F1(U,; A*) by
n+1

(de)s = ) (=1)*&ea ),

k=0

where £} cz, ;) is the “restriction” of ¢z, (;) € .A”(Ugc(i)) to a section in AU,
It is immediate to check that d?> = 0, hence we may define the cohomology groups

H (U A%).

Example 4.4. In Example €3] suppose A is an Abelian sheaf on M and that
A" = A for all n. Then HZ (U,;A*) is identical to the usual cohomology group
H* (Z/fo; .A)

Let U, be any open cover of M,. We denote
(4.3) ctU,; A°) = CL(old,; A*),
(4.4) H"U,; A*) = H (cU,; A*).
Now, we want to define Cech cohomology. The idea is to define H "(M,; A*)

as the inductive limit over U, of the groups H™(U,;.A*). The problem is that if
0,: J, — 1, is a refinement, then 6, indeed defines a restriction map

(4.5) 0 : C"U,; A°) — C"(V,; A),
(4.6) (0"¢p); = restriction to V" of vy, (),
which commutes with the differentials, and thus 8* defines a map
0*: H"(U,; A*) — H"(V,; A%).
However, that map may depend on the choice of . On the other hand we have

Lemma 4.5. Let N € N. Suppose that U, and V, are open covers of M, such that
V. admits an N -simplicial structure. Suppose that V, is finer than U, and that 6y,
01: U, — V, are two refinements. Then for alln < N there exists H: C™(U,; A*) —
C"1(V,; A*) (with the convention C~' = {0}) such that 07 — 0% = dH + Hd.

(In the lemma above, we say that V, has an N-simplicial structure if the N-
skeleton (V,,)nen has an N-simplicial structure.)



4730 JEAN-LOUIS TU

Proof. Define for all ¢ € C"(U,;.A*) and for all A € A,,_1(J) (recall notation ([AI])):
n—1

(4.7) (He)x = Y (=D¥ifian
k=0

n — 1] is the k-th degeneracy map, and ay, is defined as
n), let

[
(r,
Oo(Ank o f)) if {k,k+1} Z f([r]) and
ar(A)(f) =9 (Ao f)) if {kk+1}  f([r]) and
Oo (ke (A(S'))) if {k, k4 1} C f([r]),
where in the third line &’ is the integer such that f(k') = k and f’ is the unique
morphism in homa/(r — 1,n — 1) such that the following diagram commutes:

where as usual 7 : [n] —
follows: for all f € homa,

==

(4.8) ] — >~ [n]

lnk/ lnk
’

[r—1] ——=[n—-1]

ie. f'(i)= f(i) for i <k and f'(i) = f(i+1)—1fori >k + 1.
Let us first check that formula (7)) makes sense, i.e. that V"' C ﬁ;l(U;k(A))
for all k.

Since Uy, (n) = ﬂ m f*I(U”k(A)(f)), we need to show that

a
r=0 f€hom,/(r,n)

(4.9) Vet S UL o)
If {k,k+1} Z f([r]) and f(0) <k, then
VIt € (ko /)T (Viep)) by definition of V{'~!

- ﬁl;lfil(v)’\r(nkof))
- ~71]771(U0T0 (\(mwof))) since Op: J, — I, is a refinement

= lf ( ag(N) (f))

If {k,k+1} Z f([r]) and f(0) > k+ 1 the proof of (@3] is the same, except that
0y is replaced by 6.
If {k,k+ 1} C f([r]), then
i ()G
f’i ﬁ,;l(Vn’k( A(fry)  (recall V, is N-simplicial)

i Uy eacery) by @),

N

N

N

thus (9] is proved.
Let us show that

(4.10) dH + Hd = 0} — 6.

We have
n n+l

Hd(p ZZAkg and dH(p) :Z Bk’g,

£=0 k=0 k=0 =0
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where Ag g = (=1)* ;& e, (o, (1)) and Bre = (=1)* &7 0o, (2. (1))-
We have Ag)g = 77;6}@52(&@()\)) e EACTION] and for all f € P,,

Ee(ae(N)(f) = cae(N)(ee o f) = 0;(A(me o ee(£))) = 0;(A(f)),

where j =0 <= g0 f(0) <{ < f(0) <{—1, and j = 1 otherwise.
Let
@ (f) = { Oo(A(f)) if f(0) <p,
01(A(f)) if f(0) =p+1;

then
(411) Ag,[ = Pre-1.
Similarly, we have Ag110 = —17E7 10z, 1 (ar(\) = —Pzrii(ar(n)), and for all f € Pp,

Erp1(arN))(f) = ceN)(erra 0 f) = 05(A(ne 0 erpa o f)) = 0;(A(f)),
where j = 0 <= ¢gp110 f(0) < ¢ < f(0) < ¢, and j = 1 otherwise. We thus
get
(4.12) Aprl’g = —Pxrt.

From ([{.10]) and [@.12) we obtain D,y Ak = @acn — @am = 7o — 05
Let us examine the other terms. We have >, -, 1 Are = D ocpcrcn_1 Ak41

and Y ;o 0 Ake = D o<cpcp<n Ak+1,6- To complete the proof of ([@I0) it suffices
to show that Ay 11+ B¢ =0 for k < ¢, and that A1+ Bre=0for k> ¢+ 1.
Noting that nyy 16, = erne for k < ¢ and that ner1 = exne for k > €41, it suffices
to show that

(a) Er(ae1(N) = au(Er(N)) for k < L,

(b) g1 (ae(A )) = Ozg(f;:k()\)) for k> ¢+ 1.
Let us show (a). Suppose that f € homa(r,n), and let us first treat the case
]

{6,041}  f([r]). Then, letting j = 0 for e 0 f(0) <L+ 1 (< f(0) <), and
j =1 otherwise, we have

Ex(arr1(M))(f) = arp1(N)(er o f) = 0;(A(ner10er o f))
= Gi(AMexomneof)) =ae(E(N)(f).

Let us treat the case {£,£+ 1} C f([r]). Let ¢ be such that f(¢') = ¢, and let
f': [r = 1] — [n — 1] be the increasing map such that the diagram

[r—1] ——=[n—-1]

commutes. Since € 0 g = Np41 © € [n] — [n], the diagram

(4.14) ] —% [ 1)

lnz' \LWH
’

r—1] 2L )
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commutes. We thus see that

Ex(ar1(M)(f) = avri(N)(eko f)
= Oo(ne(Mexo f'))) by @EIF)
= Oo(e (EN)(S))
= a(&N)(f) by @I3).

This completes the proof of (a).
Let us show (b): the method is similar. If {¢,¢+ 1} Z f([r]), then
Ert1(e(N)(f) = ce(N)(ers1 0 f) = 0;(A(me 0 €xy1 0 f))
= 0j(Meroneo f)) = 0;((EA) (e © ) = cu(En(X))(f)-
If {£,4+ 1} C f([r]), let £ be such that f(¢') = £ and let f’ be such that

(4.15) [r] ———=1n]

r= 1= [n 1]
commutes. Then since € oy = 1y 0 eg41: [n] — [n], the diagram

[T‘] ext10f [

(4.16) n+1]

lnz' lm
!

r—1] 22 o]
commutes; therefore

Erpr(acM)(f) = ar(M)(eryrof)
= Oo(fie (Ao f'))) by EI6)
= Oo(7ie ((ExA)(f)))
(ae(ExA)(f) by @I3).
This completes the proof of (b) and hence of ([{I0). O

Let us now define
(4.17) H™(M,; A*) = lim H"(U,; A*),

where U, runs over open covers of M, whose N-skeleton admits an N-simplicial
structure for some N > n + 1. (Recall that H™(U,;.A*) was defined by (£4).)

To avoid set-theoretic difficulties (since the collection of open covers is not a set),
we can restrict ourselves to open covers indexed by sets of cardinality < > #M,,.

By Lemma[Hlabove, if V, is finer than U, and if V, has an N-simplicial structure,
then there is a canonical map H*(U,; A*) — H*(V,; A*) defined by [8) (0 is not
required to respect the N-simplicial structures). Since every open cover of M,
admits an N-simplicial refinement (see Convention [4.2)), the inductive limit is well
defined and is an Abelian group.

Moreover, for every open cover U, of M,, N-simplicial or not, there is a canonical
map H"(U,; A*) — H"(M,; A*) obtained by mapping H"(U,;A*) to H*(V,; A*)
using (L), where V, is any refinement admitting an N-simplicial structure for
some N >n + 1.
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It is clear that any element [p] of H™(U,; A*) maps to 0 in H™(M,;.A*) if and
only if there exists a refinement (N-simplicial or not) such that [p] maps to 0 in
H"(V,; A*). Thus, in the sense of limit of a functor [I4, Chapter 9], H™(M,, A®) is
the inductive limit of H"(U,,.A*), where U, runs over all open covers of M,.

Example 4.6. Consider the case of a discrete group G, and suppose that A* is the
sheaf associated to a G-module A (Definition B.9). Then, from ([B2) and below, we
see that

(dC)A(gla s 79n+1) = 91650A(92, .- ~79n+1)
n
=+ Z(_l)kcék)\(glv sy 9k Gk+1s - - - 7gn+1)
k=1

+(—1)n+105n+1)\(gl, ey gn).

(Compare with (LT).) Considering the maximal open cover (Uy')zeg» Where Uy =
{z}, one easily sees that Cech cohomology coincides with usual group cohomology.

Remark 4.7. As in [5], H"(M,; A*) can be seen as the n-th cohomology group of
a canonical Cech complex. Indeed, let R(M,) be the set of covers of the form
Un = (UD)wem, - IfU, and V, are in R(M,), let us say that V, is finer than U, if
for all n and all x € M,, we have V* C UZ. Given U, in R(M,), denote by onl,
the associated N-simplicial cover (see Convention [L2]) and let

Cr(M,; A*) = lim C™(onU,; A*) == lim C" (conU,, A*),

where U, runs over open covers in R(M,).
Then H"(M,;.A*) is the cohomology of C% (M,; A*) whenever N > n + 1.

4.3. Compatibility with usual Cech cohomology for spaces. Let M be a
space and A an Abelian sheaf on M. Denote by M, the constant simplicial space
associated to M and by A* the sheaf on M, corresponding to A.

We want to show

Proposition 4.8. With the above assumptions, the usual Cech cohomology groups
H"™(M;A) are isomorphic to the Cech cohomology groups H™(M,; A*).

Proof. To determine H™(M,; A*) we can restrict ourselves to covers U, of the form
Un = (UM)ier,, where I, = Ig‘“ and Ul = Ul% N---N Ugl. Indeed, choose
N > n; then the group H"™(M,; A*) only depends on the N-skeleton M, of M,
(i.e. the N-simplicial space obtained from M, by truncation). Then, given any
open cover V of M.(N), there exists a cover (U,Q)ielo of M which is finer than each
cover Vj, for 0 < k < N.

Let us show that H*(U,;A*) = H*(Up; A). Tt is not obvious that these two
groups are isomorphic, since C*(U,;A*) = CZ (oU,;A*) while C*(Up; A) =
C:.(U,; A*). However, we show that these two complexes are homotopically equiv-
alent:

First, there is an obvious map

q: C*(U,; A*) — C*(Up; A)

defined by (gp) = @y, where

1050-0yln

A (f) = (if(0),---+i5()) forall f € homa(r,n).
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In the other direction, define v: C*(Uy, A) — C*(U,; A*) by

(L)X = CrgyeciAns
where A, denotes A(py) and p: [0] — [n] denotes the map pi(0) = k.
We have g o =1d. Indeed, ((go¢)(c))ip,....in = (LC)r) = Cig,... i
Conversely, we do not have ¢ o ¢ =1d since ((¢ o q)())x = @x, where
N(f) = (Af),---» Af(ry) for all f € homas(r,n).
However, toq and Id are homotopic. Indeed, define H: C™(U,; A*) — C"~1(U,; A*)
by
n—1
(4.18) (Ho)y =Y _(=D*ifipan ),
k=0
where
Al o f) if {k,k+1} € f([r]) and f(0) <k,
ar(N)(f) =q Ao f) if {kk+1}  f([r]) and f(0) >k +1,
i (A(f)) if {k, k413 € F([r])
(f(K") = k and f’ is defined as in the proof of Lemma [0} also, recall that

T (s e yip—1) = (0s - iprsiprs ooy ir—1))-

Then the same proof as in Lemma shows that dH + Hd = 1o q—Id. We
leave out details; anyway we will show later that Cech cohomology coincides with
sheaf cohomology for paracompact simplicial spaces, so (at least in the paracompact
case) this will provide a second proof that sheaf cohomology for spaces coincides
with sheaf cohomology for the associated constant simplicial space. O

Let us introduce some notation.

Notation 4.9. For any simplicial space M, and any open cover U,, let us write
clements A € A, (see (@I)) as (2" — 1)-tuples (Ag)pscin], Where subsets S are
ordered first by cardinality, then by lexicographic order. For instance, the triple
(Aos A1, Ag1) represents the element A € Ay such that A({0}) = Ao, A({1}) = A4,
A({0,1}) = Xo1. A cochain in C1(U,;.A*) is thus a family (¢ax,r;)-

Then, we can write (I8 more explicitly. For instance, the formulas for n = 1
and n = 2 are respectively
(HSD))\O = @)\0)\0)\607
(He)xoxdor = PrororNoror Moy Mo — PAoAr AL Ao1Ao1 Ny Ny

. denotes the r + 1-tuple (Xi,...,\;,) € I{TH = 1,.

where X, .
0 2

4.4. Long exact sequences in Cech cohomology. In this section, most proofs
are almost identical to [5], thus we will only sketch them.

Proposition 4.10. If0 — A" — A* — A"* — 0 is an exzact sequence of Abelian
presheaves, then the functor A — Cx(M,; A*) (see Remark 1) maps the above
eract sequence to an exact sequence of complexes.

Proof. 0 — C? (conU.; A'*) — C(conUs; A*) — Ch(conU,; A7) — 0 is exact
for every open cover U,. O

Let us say that a simplicial space M, is paracompact if each M,, is paracompact.



GROUPOID COHOMOLOGY AND EXTENSIONS 4735

Proposition 4.11 ([5, Theorem 5.10.2]). If A* is an abelian presheaf on a paracom-
pact simplicial space M, such that A® induces the zero sheaf, then H™(M,; A*) =0
for alln > 0.

Proof. Using paracompactness, every cohomology class is represented by a cocycle
in Cy(U,; A*) with U, locally finite ¥n. Then, using the fact that each A™ induces
the zero sheaf, every cochain of that cover becomes zero once restricted to a suitable
finer cover. O

Corollary 4.12. If an abelian presheaf A* over a paracompact simplicial space M,
induces the sheaf A®, then H™(M,, A*) = H™(M,; A*).

Proof. There are exact sequences of presheaves

0—-N*— A = T —0,
OHJ’HA’HQ’HO,
where A/ and Q* induce the zero sheaf: N (U) is the set of sections in A" (U) whose
germ at every point is zero, and A™(U) = {(0i)icr}/ ~, where o; € J"(U;) for
some open cover (U;);er of U and the equivalence relation ~ is defined by (0;);er ~
(0%)jes it Vi, j, o4y, = 0;|U ~u- The conclusion follows from Propositions .10
J [ J

and [.I1] above. O

Corollary 4.13. If0 — A" — A* — A"* — 0 is an ezxact sequence of sheaves
over a paracompact simplicial space M,, then there is a natural long exact sequence

0 — HOML A™) — HO(My: A%) — HO(Myi A7) 2 H (M A”) = -
Proof. Follows from Proposition 10 and Corollary O

5. LOW-DIMENSIONAL CECH COHOMOLOGY

5.1. The group H°. Consider a simplicial space M,. Let U, be an open cover
of M,. Then, using Notation 9] a 0-cocycle is given by a family (cx,)r,er,, With
x, € A°(UY), and

(5.1) 0 = (dc)xorinos = €160 — €5

on Uy = Uy, NEUS)NETNUY). Therefore, &fcx, = &ex, on &5 (US) N
éfl(Ugl) for all A\gp, A1 € Iy. Applying 75 to both sides, we find that cy, = cy,
on Uy NUY . Since A% is a sheaf, there exists a global section ¢ € A°(Mp) such
that ¢y, is the restriction of ¢ to Ugo for all A\g € Iy. Now, (B is equivalent to
&l = €5p. We have thus proved:

Proposition 5.1. Let A* be an Abelian sheaf on a simplicial space M, and let U,
be an open cover of M,. Then

H°(M,; A*) = HO(U,; A*) = Tiny (A*) := Ker (A (M) = A (My)).

(Of course, in the case of a groupoid and an Abelian G-sheaf, a section in A°(Gy)
is in Tipy (A®) if and only if it is an invariant section in the usual sense, i.e. under
the action of G.)
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5.2. The group H'. Consider a groupoid G. The cocycle relation in degree 1 is

~k ~k =~k —
€0CA 12012 — E1CA0A2N02 T E2CA A1 A01 = 0

on U§o>\1)\2)\01)\02)\12)\012' Exactly the same method as in the preceding paragraph
shows that cy,x,),, does not depend on the choice of Ag;, hence there exists a
section @y z, € Al(éal(Ugo) N EII(U}\I)) such that cy,a,n,, is the restriction to

U>1\o>\1>\01 of wx,z,- The cocycle relation becomes

(5.2) E0PA A — E1PAAs T E2PAoN; = 0.

Coboundaries are cocycles of the form oy x, = Ejar, — Ejan,.
We recall that the group H' admits the following interpretation.

Proposition 5.2. Let G be a topological gzﬂoupoid and let A be a G-module. Denote
by A* the associated sheaf on G,. Then H'(G,; A*) is the group of G-equivariant
locally trivial A-principal bundles over G.

This is well known. We omit the easy and standard proof.

5.3. The group H?, extensions and the Brauer group. Let G be a topological
groupoid, and let A be a G-module. Let us denote by ext(G, A) the set of extensions
of the form

ASES G
such that the unit spaces of the groupoids A, E and G are all equal to Gy, the maps

i and 7 are the identity map on Gy, and such that for all v € E and all a € Ay,

we have

oy~ =7(7) - a.

In 7(7) - a, the dot denotes the action of G on the G-module A.
Two such extensions A — F — G and A — E’ — G are considered equivalent if
there is a commutative diagram

A——F—(G

-

A—LF —GCG

such that the map £ — F’ is a groupoid isomorphism.

There is a canonical extension in ext(G,A): let E = A x,,, G ={(a,g9) € A x
G| p(a) =r(g)}. The source and range maps in F are s(a, g) = s(g), r(a, g) = r(g).
The product is (a,g)(b,h) = (a + g - b,gh) (defined whenever s(g) = r(g); the
product in A is written additively). The inclusion A — FE is i(a) = (a,p(a)), and
the projection 7: E — G is 7(a,g) = g.

Let us call this extension the strictly trivial extension.

Proposition 5.3. Let A < E 5 G be an element of ext(G, A). The following are
equivalent:
(i) the extension is strictly trivial;
(ii) there exists a groupoid morphism o: G — E which is a section of 7;
(iii) there exists ¢: E — A such that p(ay) = ap(y) for all (a,7) € A Xp, E
and p(y172) = @(m1) +7(71) - ©(2) for all composable pairs (v1,72) € E2.
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Proof. Let us sketch the easy proof.
(i) = (ii): take o(g) = (r(9),9)-
For (ii)) = (iii), let p(y) = y[o o w(7)]~
To prove (iii) = (i), the map v — (p(v),7 (7)) is a groupoid isomorphism
from E onto A x, ., G. ([

1

The set ext(G, A) is an Abelian group. The (“Baer”) sum E; @ Fy of two
extensions A — F; — G is given by the extension A — E — G with

E = {(m,72) € E1 x Ea| m1(m1) = ma(12)}/ ~,

where (ay1,72) ~ (71, ay2) if m1(y) = m2(y2) and p(a) = r(y1). Themap7m: £ — G
is given by 7(y1,72) = 71 (1) = m2(72), and the inclusion i: A — FE is

i(a) = (ir(a), p(a)) ~ (p(a), iz(a)).

Finally, the inverse of the extension is

ASES G,
where £ = E as a groupoid, but i’(a) = i(—a). Denoting by 7 the element in
E which is the same as the element v € E, this means that @y = (—a)y. To
check that £ @ E is strictly trivial, just note that for all ¢ € G, the element
(7,9) € E @ E does not depend on the choice of v € E such that 7(y) = g,
since (av,ay) = (avy,(—a)y) ~ (v,7%). Therefore, g — o(g) = (v,7) defines a
cross-section of 7.

Example 5.4. When A = Gy x T, and G does not act on T, we obtain the group
Tw(G) of twists of G [11].

It is clear that ext(G, A) is covariant with respect to G-module morphisms. It is
also contravariant with respect to groupoid morphisms. Indeed, let f: G’ — G be
a groupoid morphism, and let A’ = f*A = {(z,a) € G x A| f(x) = p(a)}. Then
A’ is a G'-module with respect to the action ¢’ - (x,a) = (r(¢'), f(g) - @), and there
is a “pull-back” morphism

[ rext(G, A) — ext(G, f*A)

defined as follows. Let A — E — G be an element of ext(G, A). Then its pull-back

by f is the extension
T

AL E S @

where E' = {(v,9') € ExG'| n(7) = f(¢")}, 7'(7.9') = ¢', ¥'(a) = (i(a),p(a)). The
groupoid structure on E’ is the one induced from the product groupoid E x G'.

More generally, suppose that Gj, L 7 2 @Gy is a generalized morphism from G
to G (see Section23). Put A’ = ZxgA :={(z,a) € ZxA| o(z) = p(a)}/ ~, where
(29,9 a) ~ (z,a) for all triples (z,a,g) € Z x A x G such that o(a) = p(a) = r(g).
It is obvious that A’ is a G’-module with sum (z,a) + (z,b) = (z,a + b) and left
G'-action ¢'(z,a) = (¢'2, a).

The slight defect of the group ext(G, A) is that it is not invariant by Morita
equivalence. To remedy this, let us define

Definition 5.5.
Ext(G, A) = liz/I{next(G[Z/I]7 AlU]),

where U runs over open covers of Gy (see notation ([2.2)).
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By construction, the group Ext(G, A) is invariant under Morita equivalence (see
Proposition 2.2)).
Let us now come to the relation between 2-cohomology and extensions:

Proposition 5.6. Let G be a topological groupoid, A a G-module, and A* the
associated sheaf over G,.

(a) For each open cover U, of G,, there is a canonical group isomorphism
(5.3) exty (GUo), Alh]) = H*(U,; A*),
where  exty (GUs), Alo])  denotes the subgroup of elements of
ext(GUo], AlUo]) consisting of extensions Alhy) — E = GUo] such that
7 admits a continuous lifting over each open set Uy C Gy (A € Ay).
(b) B3 induces an isomorphism
Ext(G, A) = H*(U,; A*).
Proof. As in the previous subsection, one easily sees that a 2-cocycle in Z2(U,; A*)
is given by a family
Y= ((,0)\0)\1)\2/\01/\02)\12)
such that each term is a continuous function (g,h) — ©x(g,h) € A, (g, defined
on the set of pairs (g,h) where r(g) € UY , s(9) € UY, s(h) € UY , g € U},
gh € U)\loz, and h € U/{lQ. The ¢’s satisfy the cocycle identity
(54) 9PA1 A2 A3 12013023 (h7 k) — PAroArzAz o2 X03A23 (gh’ k)
FTPN0A1 A3 01 A03A13 (97 hk) T ProriA2ro1 Aoz A2 (ga h) =0.
Let us consider a cover V, of GIU], V,, = (V) e, , such that
e Jo = {pt} and V) is the cover consisting of the unique open set HiGIo U?;
o Ji =1y xIpx Iy with Vi, = {(i,9,7)| (9) € UY, s(9) € U}, g € Ui };
e V'™ arbitrary Vn > 2.

Consider the group Z2(V,; A’*), where A’® is the pull-back of the sheaf A* by
G[U] — G. As above, it consists of families 1., 0.1, Satisfying the cocycle identity

(55) 9¢u12u13u23 (h7 k) - wuozuozum (gh7 k)

+2/]M01M03#13 (97 hk) - ¢H01H02H12 (97 h) =0.

We show that Z2(U,; A*) = Z2(V,; A’*), where A’® is the pull-back of the sheaf
A* by GlU] — G.

In one direction, let ¢ € Z2(V,; A’*). For all A = ()Xo, A1, A2, Ao1, Aoz, A12) in
I3 x I}, define

(5.6) por = (Ao, A1, Ao1)s
Ho2 = ()‘07 >‘23 )‘02)3
H12 = (>\17 )\Qa )‘12)a

and Px = ,(/}Mmuozltlz'
In the other direction, if we are given a 2-cocycle ¢ € Z2(U,; A*), we want to

define a 2-cocycle ¥ € Z2(V,; A’*). Given pu = (o1, oz, f12) € J1, write figp =
(Zabs Jabs kab). Then Vul # () implies that jo1 = i12, 101 = i02, jo2 = j12, hence there
exists

A= ()\07 )\17 )\2, )\01, )\027 )\12) S Ig X I?
such that (B.6]) holds. We then define ¢, = .
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Comparing (5.4) and (G.5), we see that Z2(U,; A*) = Z2(V,; A’*). Moreover, it
is not hard to check that this induces an isomorphism
(5.7) H?*(U,; A*) = H*(V,; A”*).

To prove the first part of the proposition, then, we can (after passing to the
groupoid G[Up]) suppose that Uy consists of the unique open set Gy.
Consider an extension in exty (G, A):

A—F —G.

For each i € I, consider a continuous section o;: Ui1 — E. Define a cochain ¢ by
the equation

(58) O Xo1 (9)0')\12 (h) = PXo1 o212 (97 h)0A02 (gh)
To see that it is indeed a cocycle, just write

(201 (9) 212 (1)) 0205 (K) = 020, (9) (00, (R) x5 (K))
and substitute relations like (.8]) to obtain

(59) 9Pr12X13A23 (hvk) — PXo2X03A23 (ghvk)
TPx01 Aoz A3 (gv hk) — PAorro2 iz (g, h) =0.

Suppose that o/ is another continuous lifting and let o;: U} — A be such that

(5.10) oi(9) = ai(g)oi(g).
Define ¢’ by
(5.11) Thor (9)05,5 (R) = Do xaniz (95 BTN, (9R).

Substituting (5.10) in (5I1)) and comparing with (5.8]), we find
(SOI - 90))\01)\02)\12 (gh) = gy, (h) = )y (gh> + axg, (g)v

i.e. ¢’ — ¢ = da. This proves that an extension in exty (G, A) determines a unique
cohomology class in H2(U,;.A*).
Conversely, given a cocycle @iy, agsr10, We Want to construct an extension

A—FE—QG.
The idea is to set
(5.12) E=[J{gilacA, geU}, pla)=r(g}/ ~
i€l
with the product law
(513) [aa g, )‘01][()’ g, )‘12] = [CL + g- b + ©Xo1Xo2A12 (ga h)a gh7 )‘02]-
To determine the correct equivalence relation in (512]), we note that if [a, x, ] rep-
resents a unit element in the groupoid E, then from the product law (EI3]) we nec-
essarily have [a, z,i] = [a,z,i][a, z,i] = [2a + i (x, ©), z,4], thus [—@ (2, ©), 2,
must be the unit element. Using (513) again, we necessarily have
[_wml(r(g)v r(g))a T(g)a Z] [CL, g, k] = [_@nz(r(g)a r(Q)) +a+ @Z]k(r(g)? g)? gaj]a

thus we necessarily have

(5.14) (a,9,k) ~ (=piii(r(g9),7(9)) + a+ ijr(r(9),9): 9, 3)-
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Conversely, we want to show that (0.I14) defines an equivalence relation. We claim
that ¥i;(9) = —@iii(r(9),7(9)) + wijr(r(g), g) does not depend of the choice of i.
Let us denote x = r(g). Apply (59) to (z,z, g) instead of (g, h, k):

(5.15) @ijk (T, 9) = Cemk(@, 9) + Pnm; (@, 9) — Pnei(z, ) = 0.
Taking g =2 and j = k = ¢ =m = n we find

(5.16) 0ijj (%, ) = @j5i(z, 2) = @iii(z, T).

Taking k = j and n = ¢ in (BI5) and using (&.I6]), we get

(5.17) ©ijj (%, 9) = Quei(x, x) = piii(z, ).

Then, take m = j and n = ¢ in (EI3) and use (BI6) and (BI7):
Pijk(T,9) = pejn(@, 9) + @15 (2, 9) = poei(x, ) = 0,
Pijk (T, 9) — e (T, 9) + Pree(x, ) — piii(z, ) = 0.

This proves our claim that ¢y is well defined. Moreover, taking n = ¢ = 7 in (G.10)
we get

(5.18) Vik(9) = Ymk(9) + ¥m;i(g) = 0.
It follows that

;= 0 (use (BI8) for k = j),
Y = —Y (use (BI8) for m = k),
Vim = Yjk + Vkm-

Therefore, (B.14]) defines an equivalence relation.

It is then elementary to check that (BI3) endows E with a groupoid structure
such that the obvious extension

A—-ESQG

is an element of ext(G, A), that 7 admits a continuous lifting ;: U} — G defined
by o;(g9) = [0, ¢,1], and that the associated cocycle is precisely ¢. We leave these
easy verifications to the reader.

To prove the second part of the proposition, we first pass to the inductive limit
over all open covers U; of Gy (leaving Uy fixed) to find that

ext(G[Uo], Alo]) = 1zi/{m HQ(Z/{.; A*)
1
and then take the inductive limit over Uj. (I

Remark 5.7. By the same method we used to show (E1), one can show that for
each open cover U, of G,, and each sheaf A°* over G,, the canonical morphism
f: GlUo] — G induces an isomorphism

H"(U,; A°) 2 H*(V,; A7),

where Vy is the cover consisting of the unique open set ], ; U?, and the open cover

Vi = ( z‘z,i..,in,j)io,,,,,i"’jejgt-*-lXI” of G|U],, is defined by
Viﬁ,...@,“j = {(i07"'7inagl7"'7g’n>| 7"(91) GUZ%; 5(91) < Ui017"'7

(see Remark [ZT]).



GROUPOID COHOMOLOGY AND EXTENSIONS 4741

Remark 5.8. For completeness, it would remain to examine the relation between
the sheaf 2-cohomology groups and extensions of nonparacompact groupoids, since
it is not obvious whether H? is equal to H? in this case. However, we will not
develop this, due to lack of applications.

In the corollary below, denote by 7 the sheaf associated to the G-module Gy x T
(for instance, if G is a space X, then 7 is the sheaf of germs of continuous maps
from X to T).

Corol}ary 5.9. If G is a locally compact Hausdorff groupoid with a Haar system,
then H?(G,;T) = Ext(G, Go x T) is the Brauer group of G.

Proof. Use for instance [24] Proposition 2.13]. O

Remark 5.10. For groups, there is an interpretation of higher degree cohomology
in terms of extensions [9], but we will not develop this here.

6. COMPARISON WITH MOORE’S COHOMOLOGY

Recall [19] that if G is a locally compact group and A is a Polish Abelian group
(i.e., as a topological space, A admits a separable complete metric), then A is a
G-module if G acts (continuously) by automorphisms on A.

Given a Polish G-module A, let I(A) be the set of y-measurable functions from
G to A (p being the Haar measure), modulo equality almost everywhere. Then
I(A) is again a Polish G-module, with action (- f)(x) = vf(y " 'z) (caution: our
definition is different but isomorphic to Moore’s definition of I(A)).

The G-module A embeds in I(A) via the obvious map

it A—I(A), (ila))(z)=a.

Let U(A) = I(A)/A. Then, using measurable cocycles, Moore defined cohomology
groups H" (G, A) which are are characterized by the proposition below, where I(A)
is defined as above and F'(A) = A% (the sub-module of G-fixed points).

Proposition 6.1. Let C; and Cy be two Abelian categories. Suppose that F is a
left-exact functor from Cy to Ca, that I: C; — Cs is a functor and ia: A — I(A) is
a natural injection. Then
(a) There exists, up to isomorphism, at most one sequence of functors H": C; —
Co such that
1) H'=F.
2) Any exact sequence 0 — A’ — A — A" — 0 induces a natural long
ezact sequence 0 — HO(A') — HO(A) — HO(A") & HY(A) — ...
3) H™"(I(A)) =0 for all A and for allm > 1.
(b) IfI is an exact functor and I1(is) = ircay for all A, then 3) may be replaced
by 3') HY(I(A)) =0 VA.
(¢) If moreover F(I(I(A))) — F(U(I(A))) is surjective for all A, where U(A)
= I(A)/A, then there exists a sequence of functors satisfying 1), 2) and 3).

Proof. (a) This is essentially [2 Theorem 1] or [I9, Theorem 2]: using the long

exact sequence associated to 0 — A 4 I(A) — U(A) — 0, one gets H"(A) =
H" 1 (U(A)) for n > 2 and H'(A) = coker (F(I(A)) — F(U(A))), thus H" is
uniquely determined by induction on n.
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(b) If I is exact, then

0 — 1(A) ") 1(1(4)) — I(U(A)) — 0
is exact, and _
0— I(A) "2 I(I(A)) — U(I(A) =0

is exact by definition. Therefore, the assumption I(i4) = iy(4) implies I(U(A)) =
U(I(A)) canonically. Thus, 3') implies that for n > 2,

H"(I(A)) = HY (U™ 'I(A)) = H*(IU" *(A)) = 0.

(c) Define a resolution 0 - A — Ag — Ay — -+ by Ag = I(A) and 4,41 =
I(A,/A,_1). The map A,, — A, 41 is the composition

Ap = ApJAp_1 5 I(Ap/An_1).

Define H™(A) to be the cohomology of the complex F(Ag) — F(A;) — --- and let
us check that properties 1), 2) and 3’) hold.

1) H°(A) = Ker (F(A) — F(I(I(A)/A))) = Ker (F(I(A)) — F(I(A)/A)) since
F preserves injectivity of morphisms, and I(A)/A — I(I(A)/A) is injective. Using
left exactness of F', we see that H(A) = F(Ker(I(A) — I(A)/A)) = F(A).

2) Since I is an exact functor, we have an exact sequence of complexes 0 —

Al — A, — Al = 0, hence the conclusion by the Snake lemma.
3) HY(I(A)) = F(U(I(A)))/F(I(I(A))) = 0. 0

For instance, in part (a) of the proposition, if I(A) is an injective object for all
A, then H" are the right derived functors of F'.
We are now ready to prove:

Proposition 6.2. Let G be a locally compact group. Let A be a Polish G-module
and let A* be the associated sheaf on G. (see Definition and below). Then
H*(G,; A*) 2 H*(G, A).

Proof. We just need to check that H*(G,;-) satisfies conditions 1)-3) of Proposi-
tion

1) H°(G,; A*) = A® was proved in Proposition 5.1 and 2) in Corollary

I is an exact functor [19, Proposition 9], and it is obvious that I(is) = i7(a). It
thus remains to show that ﬁl(G.; B*) = 0 if B* is the sheaf on G, associated to the
G-module I(A). Recall that a 1-cocycle ¢ is a continuous function ¢: G — I(A)
satisfying

910(92) — (g192) + ¢(g1) =0

(see (B2), hence ¢ is a cocycle in the Moore complex. But Hy,...(G,I(A)) = 0,
hence there exists ¢ € I(A) such that ¢(g) = g — ¢ for all g € G. Therefore,
©=01in H'(U,; B*). O

Remark 6.3. One can easily construct explicitly the isomorphism H"(G,; A*) —
H{yoore (G, A). Take p € Z™(U,; A%), where U, is an open cover. Choose measurable
maps 65 : G* — I, such that x € ng(x) for all x € G*, and define

c(g1y-+ 1 9n) = Pa(grrngn) (915 -+ -5 Gn),

where A(g1,...,9n) € Ay, is defined by A(g1,...,9,)(f) = 0-(f(g1,---,9n)) € Ij for
every f € homa/(k,n).
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Remark 6.4. One might wonder if it is possible to define, for every locally compact
groupoid and every (say, locally compact) G-module A, an analogue of the Moore
complex, using measurable cochains (g1, ..., gn) € Ay (g,). In order to get the usual
cohomology groups when G is a space, one should probably use the sheaf over Gg
of functions ¢(g1,...,9n) € Ay(g,) Which are measurable in the “leaf” direction
and continuous in the “transverse” direction. Since this approach does not seem
simpler or more useful than Cech or sheaf cohomology of simplicial spaces, we will
not develop this further.

7. COMPARISON WITH SHEAF COHOMOLOGY
AND HAEFLIGER’S COHOMOLOGY

Let M, be a simplicial space and A* an Abelian sheaf on M,. By definition
[], the cohomology groups H"(M,;A*) are the derived functors of the functor
Tiny(M,; A*) = Ker (A°(My) = A (My)).

A practical way of calculating the cohomology groups is to take a resolution
(L) 4en of A® such that H"(Mp; LP9) = 0 Vn > 1, ¥p,q¢ > 0 and take the
cohomology of the double complex (£9(M,)), where the first differential is d’ =
>r H( 1)#&; and the second differential d” is the differential in the resolution

AP — P00 el L

(See [ §5.2.3] in the general case, [3, §2.7] or [0] in the case of étale groupoids.)
Thus, sheaf cohomology of simplicial spaces coincides with Haefliger’s cohomology
groups in the case of étale groupoids [6].

In this section, we show:

Proposition 7.1. Let M, be a paracompact simplicial space, and A* an Abelian
sheaf on M,. Then H*(M,; A*) = H*(M,;A*). In particular, H*(G,; A*) are
Haefliger’s cohomology groups if G is an étale paracompact groupoid and A* is an
Abelian G-sheaf.

We will again use Proposition[6.Il Consider I(A)* the sheaf such that 1(.A4)"(U)
consists of maps f (continuous or not) from &5 (U) to A™*! such that f(z) € A?T!
for all 2 € &, (U). We will need

Lemma 7.2. For any open cover U, and alln > 1, H"(U,;I(A)*) = {0}.

Proof. Let us first explain the simplicial structure on the sheaf I(A)*. Given f €
homa (k,n), U € Mg, V C M, such that f(V) C U and a section ¢ of I(A)* over
U, we have to produce a section fo € T'(V,I(A)").

Define f’ € homa (k + 1,n + 1) such that
(7.1) f(0)=0andego f= floeg: [k] = [n+1].
Since f(V) C U we have f’(égl(V)) C égl(U), thus we get a section

z €& (V) = o(f'(2)) € AL = (F) o(F () € ATF

Now, let us show that the complex C*(U,; I(A)*) is homotopically trivial. First,
for all n € N and all x € M,, let us choose 6(z) € I, such that z € Up(zy- We
define a homotopy

H: C™(U,; I(A)®) — O™ (U, T(A)°)



4744 JEAN-LOUIS TU

by (Hp)a(z) = g, (o)), Vo € &1 (Uy) € My, YA € Ay_q, and X, € A, is
defined as follows: for all f € homa/(k,n), let

voe _ f Amoo f) if f(0)#0 }
s ={ o) it fo) o p
Let ¢ € C™(U,; I(A)*). Let us compute (dH + Hd)p and compare it with . We
have
n+1

(dp)a(z) =Y (—D)Feg s, (Eh(z) € ATH2

k=0
The meaning of this formula is the following: we take x € M, 12, then its image
€}, (z) (see notation ([ZI))) is in M,,41. Its image @z, (1)(€},(z)) belongs to ATZ; i
restricted (see (B.1))) by &}: My, 42 — M,41 to an element of A2,
Actually, we have €} = ej41 since g 0 e = €41 09 [n] — [n + 2], hence

n+1

D (=14 10z, ) R (),

k=0

(dp)r(x)

n

(dHp)r(z) = Z(_l)ké:ZH (He)e, 0 Ertr())
k=0

= Z(*l)kgzﬂﬁg%k(x);kﬂ
k=0
(Hdp)a(z) = i (de)x, (7io(x))
n+1
= ) (—DFisEr ez ) Errio (@)
k=0

(2) (M0 © Ery1(x)),

In the last sum, for k = 0 we get @z (x)(z). Now, (£0(A;))(f)
A(no oeg o f) = A(f), thus the term for k = 0 is just ¢y (x).

To show that the other terms in the sum dH + Hd cancel out, we just need to
check that for all £ > 1,

(a) 10 0 €ky1 = €k 0 1Mo, and
(b) Er(A2) = Er1(N%, (1)
Assertion (a) is straightforward. Let us prove (b).
If f( ) # 0, then Er(A)(f) = Ap(ero f) = Ao oex o f) = Aler—10mo 0 f) =

X,z 0 f) =

If f(0) = 0. then &(X,)(f) = Ny(er o f) = b(exo f(2)) = 0(f 0 &x(x)) =
((Er—1A))zn( ( )- O

Remark 7.3. In the case of an étale groupoid G and cohomology groups with coef-
ficients in G-sheaves, Haefliger [6], following Atiyah and Wall in the case of discrete
groups [2], characterized the cohomology groups as the unique sequence of functors
H™ such that

(a) HO = Finv,
(b) H* admits long exact sequences, and
(¢) H™(G;1(A)) =0 for all n > 1 and for each G-sheaf I(A).
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Let us now prove Proposition [[Il First, we note that A®* < I(A)* canonically:
if c € A"(U), then ¢(x) = £[c(éo(x))] € AMH! is a section of I(A)™ over U.
Using the uniqueness part in Proposition [6.1] it suffices to show that
H™"(M,;I1(A%)) = H*(M,;I(A)*) = {0} Vn>1.
This is true for A" thanks to Lemma [Z.2]
Inductively define a resolution

(7.2) 0— I(A)®* — L0 — Lo — ...

by £20 = I(I(A))* and L*9+1 = [(L*?/L£*971). Since LP? is flabby for all p,q > 0,
the double complex K = (£9(M,)) computes H*(M,, I(A)*) (see the introduction
of this section).

The Fa-term with respect to the first filtration is E5'? = HP HY(K). Since

0— I(A)P — L0 — P! — ...
is an exact sequence of flabby sheaves,
0 — ['(Mp; I(A)P) — F(Mzﬂﬁp’o) —

is exact, hence ELY = 0 for ¢ > 1 and EY° = HP(D(M,;I(A)*)). Again us-
ing Lemma for the cover U, = {M,}, we get ES’O = 0 for p > 1. Finally,
H"(M,;1(A)*) =0 for all n > 1.

8. INVARIANCE BY MORITA EQUIVALENCE

Let G be a topological groupoid and let A* be an Abelian sheaf on G,. In this
(rather easy) section, we show that H*(G,;.A*) and H*(G,; A*) are invariant under
Morita equivalence (recall Proposition [2.2)).

More precisely, if G’ is another groupoid and A’* is a sheaf on G, we say that

o)
(G, A*) is Morita equivalent to (G’, A’*) if there exists a groupoid G”, a sheaf A"*
on G”* and (continuous) groupoid morphisms
¢la Lo
such that f and f’ are Morita equivalences and A”* = f*A* = f* A’*. Then

Proposition 8.1. With the above assumptions, f and [’ induce isomorphisms in
sheaf and Cech cohomology, thus

H*(G,; A") = H*(G; A'*) and H*(G.; A*) = H*(G.; A'°).

Proof. By standard arguments (compare with Proposition [2.2), it suffices to show
that for any open cover U = (U;);cr of Go, the canonical morphism f: GU] — G
induces isomorphisms

H*(G,; A*) = H*(G[U].; f*A*) and H*(G.;A*) = H*(G[U].; f*A*).
Below, we will abusively write H*(G[U].; A*) instead of H*(G[U].; f*A*).
For Cech cohomology, using Remark 5.7, we have
(8.1) H"(G,; A*) = h‘gnl}}vn.lH W.; A%,

where V = (V}),es runs over open covers of Gy and W, runs over open covers of
GV such that W consists of the single open set [] V.
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Similarly,

(8.2) H"(GU].; A*) zlivrln%vn/lH"(W:;A'),

where V' = (V) ;e runs over open covers of G[U]o and W, runs over open covers
of G[U][V'] such that W) consists of the single open set [ V.

Now, note that if V' is an open cover of G[U]p which is finer than the cover
({¢} xUy;)ier, then there exists an open cover V of G such that G[V] = G[U][V'] (the
elementary proof is left to the reader). Therefore, on the right-hand sides of (81
and ([82), the terms limyy, H"(W.,; A*) and limyy, H"(W.; A*) are identical. It
follows that the right-hand sides of (81]) and (8.2)) are equal, hence Cech cohomology
is invariant by Morita equivalence.

From the above, we already find that sheaf cohomology is invariant under Morita-
equivalence when the groupoid is paracompact. In fact, this holds for a general
topological groupoid. Let us sketch the proof for completeness.

Consider the resolution

A — E.,O _ E.’l N

constructed like (T.2). Since £77 is flabby for all p, ¢, the double complex (LP1(G,))
computes H*(G,; A*), and since the lines are exact ((2)), H*(G,;.A*) is the coho-
mology of the complex (Tiny (£%9))4en-

Similarly, H*(GU].;.A*) is the cohomology of the complex (T'iny(f*L£*9))qen.
Now, it is elementary to check that for every sheaf B°*, I, (B°®) is isomorphic to

Finv(f*B.)- O

Remark 8.2. It would be interesting to know whether the sheaf cohomology groups
of a groupoid G are always the same as the sheaf cohomology groups of some
classifying space BG. This is known to be true at least in some cases [25, Theorem
4], [16].
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